We show that the correlations generated in the ground state of N = Z nuclei by the isovector and isoscalar pairing forces can be treated with high precision as a condensate of alpha-like quartets. To treat these correlations, the quartet condensation model (QCM) is extended to the treatment of spherically symmetric isovector (T = 1, J = 0) and isoscalar (T = 0, J = 1) pairing forces . Within QCM we discuss the competition between T = 1 and T = 0 pairing correlations in the case of a two-level model and for N = Z nuclei with nucleons moving in the open shells above 16 O, 40 Ca and 100 Sn. We show that in N = Z systems isovector and isoscalar proton-neutron pairing correlations always coexist.
INTRODUCTION
One of the long standing questions in nuclear structure is whether a condensate of deuteron-like proton-neutron pairs could exist in N = Z nuclei, in analogy with the condensates of like-particle pairs which account rather well for the pairing correlations in heavy N > Z nuclei. For systems in which the pairing force acts only among one type of nucleons, the ansatz of the pair condensate, on which all BCS-type models are based, is supported by the fact that the pair condensate is the exact ground state of the pairing Hamiltonian for nucleons moving in degenerate orbits. When the levels are not degenerate and the pairing force is state-dependent, the exact solution is not anymore a condensate of identical pairs but rather a product of distinct (complex-conjugate) pairs [1] or, equivalently, a product of distinct (real) quartets built by four identical particles [2] . However, as shown already many years ago [3, 4] , the ansatz of the pair condensate (usually known as projected-BCS approach (PBCS)) provides a good approximation even for non-degenerate levels and general state-dependent interactions, under the condition that nucleons move in orbits close to the Fermi level [5] .
Based on the success of BCS-type models for like-particle pairing, these models has been applied, in a generalized form, to the treatment of pairing between neutrons and protons in N = Z nuclei (e.g., see the review paper [6] and the references quoted therein). However, unlike the case of like-particle pairing, the ground state of protons and neutrons moving in degenerate levels cannot be described exactly as a pair condensate. Indeed, as shown by the SU(4) model for isovector-isoscalar pairing , in the case of degenerate levels the ground state of N = Z systems is exactly described by a condensate of alpha-like quartets rather than by a condensate of pairs [8] . Quartet-type correlations have been also identified numerically in the exactly solvable SU(4) model for non-degenerate levels of angular momentum l = 0 [9] . The SU(4) pairing model is, however, not realistic enough because it neglects the role played by the spin-orbit force, which is crucial for the description of atomic nuclei. Various studies have shown that the spin-orbit force strongly hinders the proton-neutron pairing correlations in the ground and excited states of N = Z nuclei [10] [11] [12] . Yet, the majority of these studies do not discuss the types of correlations induced by the proton-neutron pairing in the presence of spin-orbit interaction. In Refs. [13] [14] [15] it was shown that the ground state of realistic isovector pairing Hamiltonians can be described with high precision as a condensate of alpha-like quartets, as suggested by the exactly solvable SO(5) model [8] . However, at variance with the SO(5) model, the quartet condensation model (QCM) for realistic pairing Hamiltonians is based on collective quartets which take properly into account the spin-orbit interaction.
The isovector pairing can also be described within a quartet model in which the ground state is represented not as a product of identical quartets, as in QCM, but as a product of distinct quartets [16] . This quartet model (QM), which proposes a ground state which is analogous to that of Richardson for like-particle pairing, has been recently generalized to treat the isovector-isoscalar pairing interaction [17] and has also been employed to analyze four-body correlations in nuclei [18] .
The scope of the present paper is to extend the QCM formalism to the treatment of the isovector-isoscalar pairing interactions, to analyze the accuracy of this approximation with respect to the exact solution of realistic pairing Hamiltonians as well as to the QM approach and to discuss, within QCM, the effect of spin-orbit interaction on the competition between the isovector and isoscalar paring correlations. In this study we will focus on spherically symmetric pairing interactions. An extension of the QCM approach for the axially deformed isovector-isoscalar pairing interactions was recently proposed in Ref. [19] .
FORMALISM
The isovector and isoscalar pairing correlations in nuclei are usually studied with the Hamiltonian
In the first term ǫ i and N i are, respectively, the energy and the particle number operator relative to the singleparticle state i = {n i , l i , τ i }, where l i is the orbital angular momentum and τ i is the isospin projection. The Coulomb interaction between the protons is not taken into account so that the single-particle energies of protons and neutrons are assumed to be equal. The second term in Eq. (1) is the spin-orbit interaction for protons and neutrons, which has the standard expression. The third and the fourth terms are, respectively, the isovector (T = 1, S = 0) and isoscalar (T = 0, S = 1) pairing interactions. They are written in terms of the pair operators
where L, S and T are the orbital momentum, the spin and the isospin of the pairs, respectively. When the spin-orbit is neglected and the orbits are degenerate, the Hamiltonian (1) has the SO(8) symmetry. If, in addition, g 1 = g 0 , the Hamiltonian (1) has the SU(4) symmetry and can be solved analytically both for degenerate and non-degenerate levels [8, 9] . This is not anymore possible in the presence of the spin-orbit interaction. The question we address in this study is whether the ground state of the Hamiltonian (1) as well as of the most general isovector-isoscalar pairing Hamiltonian (17) (see below), can be well approximated by a condensate of alphalike quartets, as in the case of isovector pairing [13] . Thus, as in Ref. [13] , we represent the ground state as a product of identical quartets
The quartet operator Q + is taken as a sum of two quartets
where Q + 1 is the collective isovector quartet formed by coupling two isovector pairs to total T = 0, i.e.,
and Q + 0 is the collective isoscalar quartet built by coupling two isoscalar pairs to total J = 0, i.e.,
These quartet operators are expressed in terms of the pair operators in jj coupling scheme:
In Ref. [13] , the QCM state was further simplified by factorizing the mixing amplitudes which define the quartets. Due to this factorization it was possible to express the quartet condensate in terms of collective pairs and to use the recurrence relations method for the evaluation of the expectation value of the Hamiltonian. If one adopts the same factorization in the present formalism, therefore assuming that x j1j2 =x j1xj2 and y j1j2j3j4 =ȳ j1j2ȳj3j4 , the collective quartets can be written asQ
These quartets are expressed in terms of the collective isoscalar and isovector pairs
It is soon realized that, when formulated in terms of collective pairs, the wave function (4) becomes a complicated superposition of mixed condensates, formed by all type of pairs. If the isoscalar quartet is further reduced to include only the ∆ + 0 pairs, this formalism becomes formally equivalent to the one proposed in Ref. [19] for the treatement of the isovector-isoscalar pairing forces acting on axially deformed states.
The collective isovector and isoscalar pairs defined above can be used to construct various PBCS-type states for N = Z systems. Thus, with the isovector pairs (12) can be formed the following PBCS states with well-defined numbers of protons and neutrons [13] :
Both states have, as required, J = 0 and T z = 0, but they do not have a well-defined total isospin. Similar PBCS states can be constructed with the isoscalar pairs (13) . Of physical interest is the PBCS state
This state has T = 0 and J z = 0, but it has not a well-defined angular momentum. Since the states (15) and (16) are condensates, respectively, of T = 1 and T = 0 proton-neutron pairs, one might think that a comparison of their correlation energies could give a clear evidence on what type of proton-neutron pairing is prevailing in N = Z nuclei. However, a conclusion based only on this comparison would be misleading because, as shown in the next section, the PBCS approximation is not accurate enough to describe properly the isovector and isoscalar pairing correlations. In this work we will consider the case in which the mixing amplitudes x ii ′ and y ii ′ jj ′ are factorized, as discussed above, and also the case in which they keep their original form. In both cases these amplitudes will be constructed variationally by minimizing the expectation value of the pairing Hamiltonian in the QCM or PBCS-type states.
The QCM formalism proposed in this paper can also be applied to the most general spherically symmetric isovector (T = 1, J = 0) and isoscalar (T = 0, J = 1) pairing forces described by the Hamiltonian
The pairing interactions are written in this case in terms of the non-collective pair operators (8, 9) , expressed in jj coupling. These interactions are not limited to the pairs with total L = 0, as in the Hamiltonian (1), and their matrix elements are state-dependent. In Ref. [17] it was shown that the ground state of the Hamiltonian (17) can be described with high precision as a product of distinct quartets
The collective isovector and isoscalar quartets introduced above have the same form as in Eqs. (6,7) but with mixing amplitudes x (ν) j1j2 and y (ν) j1j2j3j4 which vary with the quartets. Since in (18) the quartets are allowed to be different from each other, the quartet model (QM) state (18) is expected to be a better approximation than the QCM state (4) . A comparison between the two approximations will be presented in the next section.
RESULTS
In the SU(4) limit and for degenerate single-particle orbits the QCM state (4) provides the exact solution of the Hamiltonian (1). In the following we shall examine how accurate the QCM ansatz remains beyond the SU(4) limit and how the spin-orbit interaction affects the competition between the isovector and isoscalar pairing correlations. In order to address these issues we first apply the QCM formalism to the simple case of one orbit with angular momentum l. More precisely, we consider the orbit with l = 3 and we do calculations for systems with 2, 4 and 6 proton-neutron pairs. To illustrate the influence of the spin-orbit interaction on pairing correlations, we perform calculations separately for the isovector and isoscalar pairing Hamiltonians (assuming g 1 =-1, g 0 =0 and g 1 =0, g 0 =-1, respectively, in Eq. (1)) and we change progressively the energy splitting between the states f 7/2 and f 5/2 from 0 to 7 MeV, which is about the spin-orbit energy splitting used in realistic calculations in the pf shell.
In Fig. 1 we show how the pairing correlations energy, defined as the difference between the ground state energies calculated without and with the pairing force, evolves with the spin-orbit energy splitting for the two pairing Hamiltonians. When the spin-orbit interaction is zero, the two pairing correlations energies are equal to each other; they are also equal to the exact values since in the absence of spin-orbit interaction the exact solution for the isovector (isoscalar) Hamiltonian is a QCM state formed by isovector (isoscalar) quartets. When the spin orbit is switched on, the pairing correlations energies decrease. One can notice, however, that this decrease is much stronger for the isoscalar pairing and also that it becomes more pronounced with increasing the number of proton-neutron pairs. The suppression of the pairing correlations caused by the spin-orbit interaction can in fact be expected from the matrix elements of the S = 0 and S = 1 pairing forces calculated for the two-body wave functions expressed in jj coupling. Indeed, the diagonal matrix elements in these two channels for j = l + 1/2 are given by
while, in the absence of spin-orbit coupling, both matrix elements are equal to (2l+1) = 2j. Thus, when the spin-orbit is so strong that the occupancy of j = l − 1/2 can be neglected, the matrix elements of the S = 0 and S = 1 pairing forces are reduced, in the limit of large j, by a factor 2 and 6, respectively. The ratio of the matrix elements (19) and (20) is equal to 3j/(j + 1), which is not very far from the ratio between the values of the two pairing energies shown in Fig. 1 at maximum spin-orbit energy splitting.
To probe the accuracy of QCM results shown in Fig. 1 , we have compared them with the exact results obtained by diagonalisation. In all cases the relative errors for the correlations energies, with respect to the exact values, turn out to be small (below 1%), except in the case of the isoscalar pairing energy at maximum spin-orbit coupling. For example, the errors for the system of 6 proton-neutron pairs corresponding to the three values of spin-orbit energy splittings ǫ f 5/2 − ǫ f 7/2 = {3.50, 5.25, 7} are equal, respectively, to 0.07%, 0.08% and 0.5% for isovector pairing and to 0.04%, 0.7% and 16.7% for isoscalar pairing. The large error for the isoscalar pairing at maximum spin-orbit energy splitting is related to the fact that in this case the exact ground state of the isoscalar Hamiltonian is a state with J = 2 rather than J = 0. Therefore the QCM result is compared not with the exact ground state of the isoscalar pairing Hamiltonian but with the first excited state with J = 0. A similar situation occurs in the limit of very large spin-orbit splitting when all the nucleons occupy the f 7/2 orbit. On the other hand, in this limit the QCM state provides an exact solution for the ground state of the isovector pairing Hamiltonian.
Next we discuss the competition between the isovector and isoscalar pairing correlations for different values of the two pairing strengths. We assume a spin-orbit energy splitting equal to 7 MeV and parametrize the pairing strengths as g 0 = −(1 + x)/2 and g 1 = −(1 − x)/2, with x ranging from -1 to 1. We recall that in many studies the physical value for the ratio between the two pairing strengths is assumed to be about 1.5 (e.g, see Ref. [21] ), which corresponds to x = 0.2. With the parameters given above we calculated the ground state energies provided by the QCM state (4) and by exact diagonalization. The comparison with the exact results shows that the accuracy of QCM is decreasing with the increasing of the mixing parameter x. For example, the errors for the correlation energies corresponding to x = {−0.5, 0, 0.5} are, respectively, 0.04%, 0.1%, and 2.1%. This shows that QCM provides accurate results for the physical region of the mixing parameter (x ≈ 0.2).
The QCM results for pairing energies, defined by the average of the pairing forces in the QCM state, are shown in Fig. 2a . It can be observed that going from a pure isovector force to a pure isoscalar force the pairing energies evolve smoothly. The same behavior can be observed in Fig. 2b for the overlaps < QCM |QCM (T = 1) > and < QCM |QCM (T = 0) >, where the states QCM (T = 1) and QCM (T = 0) are the components of the QCM state formed only with the isovector quartet (6) and, respectively, the isoscalar quartet (7). The most important message of Fig. 2 is that the isovector and isoscalar pairing correlations coexist for any ratio of the two pairing forces. A similar conclusion was obtained recently for the isovector and isoscalar pairing forces acting on time-reversed axially deformed states [19] . It is worth stressing that the majority of HFB calculations for isovector-isoscalar pairing predict the coexistence of the two pairing phases only for particular pairing forces and/or nuclei [20, 21] . In what follows we present applications of the QCM approach to more realistic systems. As in previous quartet model studies, we consider the N = Z systems composed by nucleons moving in the valence shells above the cores 16 
O,
40 Ca and 100 Sn. First, we present the results obtained with the pairing Hamiltonian (1). As strengths of the pairing interactions we adopt the values g 1 = −0.377 and g 0 = −0.587 (in MeV). These pairing strengths have been suggested in Ref. [22] for the pf -shell nuclei. For the sake of simplicity, here we use the same pairing strengths for all nuclei. In this way, keeping the ratio of the pairing strength unchanged, we can probe how the competition between the isovector and isoscalar pairing correlations depends on the orbits and the spin-orbit splitting. The dependence of the pairing strengths on the atomic mass is taken into account through the factors (18/A) 0.3 for sd-shell nuclei, (42/A) 0.3 for pf -shell nuclei [23] and (102/A) 0.3 for nuclei above 100 Sn. For the three sets of nuclei the single-particle energies, which include the spin-orbit splitting, have been taken as in shell model (SM) calculations performed with the interactions USDB [24] , KB3G [25] and with the G-matrix interaction of Ref. [26] . The results are presented in Table I . In the second column we show the pairing correlations energies and, in brackets, the errors relative to the exact results got by diagonalisation. It can be seen that these errors are very small. In Table I we also show the pairing energies obtained by averaging the isovector and the isoscalar pairing forces in the QCM state. We notice that for all nuclei the pairing energies are significant in both channels. Ecorr E Finally we have applied the QCM approach to the most general spherically symmetric pairing Hamiltonian (17) . In Table II we present the results of QCM calculations performed by employing in this Hamiltonian the same input as in Ref. [17] . Namely, the single-particle energies and the pairing interactions for the three sets of nuclei shown in Table II are extracted from the shell model forces, respectively USDB [24] , KB3G [25] and G-matrix two-body force of Ref. [26] . In Table II the QCM results are compared to the exact results and to the results of the QM approximation (18) presented in Ref. [17] . One can see that the QCM approximation, in which it is supposed that all quartets have the same structure, gives accurate results, comparable with the QM approximation. In Table II we present also the results obtained with the quartet condensate state |QCM = (Q
nq |0 > constructed with the quartets introduced in Eqs. (10, 11) , expressed in terms of collective pairs. One can notice that QCM describes less well the pairing correlations energies as compared to QCM. On the other hand, as shown in Ref. [16] , the QCM and QCM approximations give very similar results when one considers only the isovector interaction. That means that the isoscalar pairing force induces genuine four-body correlations which cannot be described accurately by a product of collective pairs. In Table II we also present the results given by the QCM states constructed only by the isovector or the isoscalar quartets (10) and (11)
It can be seen that, for the present pairing interactions, the isoscalar pairing correlations are stronger than the isovector ones, with the exception of nuclei in the sd shell. In all cases, however, as noticed also in the examples presented above, the isovector and isoscalar pairing correlations always coexist.
The importance of the mixing between various pairs to preserve exactly the isospin and the angular momentum of the ground state can be seen by comparing the predictions of QCM with the PBCS approximations (14-16). As seen in Table III , the results of the PBCS approximations (14) (15) and (16), which do not conserve the isospin and the angular momentum, respectively, are much less accurate than the ones provided by QCM. We also notice that for all nuclei P BCS1 gives more binding than P BCS iv , while the latter gives more binding than P BCS is , except for sd-shell nuclei. Thus, for sd-shell nuclei the condensate of isoscalar proton-neutron pairs appears to be favorite with respect to the condensate of isovector pairs while the opposite is true in the other shells. On the other hand, from II: Results of various calculations for N = Z nuclei described by the Hamiltonian (17) . We show the correlations energies associated with the QCM state (4) and with the QCM approximations defined with the quartets (10-11), i.e., |QCM = (Q Table II one also sees that the approximation QCM T =1 , in which the isovector pairs are mixed together to form a state with good isospin, gives in sd-shell nuclei more binding than P BCS is . It is therefore clear that P BCS is results are not by themselves enough to conclude that the ground state of sd-shell nuclei is mainly described by a condensate of isoscalar proton-neutron pairs. In fact, as shown in Table II and Table III , a proper description of the competition between the isovector and isoscalar pairing correlations requires a ground state in which all types of pairs are mixed together in order to conserve exactly the spin and the angular momentum.
SUMMARY AND CONCLUSIONS
In this paper we have generalized the quartet condensation model for the treatment of spherically symmetric isovector (T = 1, J = 0) and isoscalar (T = 0, J = 1) pairing forces. The basic assumption of the QCM approximation is that the ground state correlations induced by these forces can be described in terms of products of identical quartets formed by coupling two neutrons and two protons to total isospin T = 0 and total angular momentum J = 0. The generalized QCM approach has been first applied to pairing forces formulated in terms of isovector (T = 1, S = 0, L = 0) and isoscalar (T = 0, S = 1, L = 0) pairs. For these forces we have illustrated how the spin-orbit interaction affects the pairing correlations and we have studied the competition between the isovector and isoscalar pairing. Then, the QCM approach has been applied to realistic systems described by the most general pairing Hamiltonian formulated in terms of (T = 1, J = 0) and (T = 0, J = 1) pairs. We have shown that for both Hamiltonians the QCM gives an accurate description of the pairing correlations. We have also shown that in the QCM approximation the correlations in the two pairing channels coexist for any admixture of isovector and isoscalar pairing forces, which confirms the findings of Refs. [17, 19] .
We wish to conclude this paper by emphasizing the striking analogy between the like-particle and proton-neutron pairing pictures which has emerged in this study and which is also supported by our previous works on the same subject [13] [14] [15] [16] [17] 19] . Thus, if on one side a condensate of collective J = 0 pairs provides a good approximation to the ground state of spherically symmetric like-particle pairing Hamiltonians, on the other side, as shown here, a condensate of J = 0,T = 0 quartets provides a good approximation to the ground state of spherically symmetric proton-neutron pairing Hamiltonians. In the case of proton-neutron pairing, then, collective quartets appear to play the same role as Cooper pairs in the case of like-particle pairing. A basic difference between the like-particle pairing and pairing in N = Z systems is that in the latter one needs to couple the isospin and the spin of the pairs in order to construct wave functions with well-defined total isospin and total angular momentum. As demonstrated in this paper, in even-even N = Z nuclei the quartets built by coupling two pairs to T = 0 and J = 0 do represent the simplest form of many-body structures whose condensate can guarantee a ground state with total T = 0 and total J = 0. The fact that in the quartet condensate state, which describes accurately the pairing forces in N = Z nuclei, the isovector and isoscalar proton-neutron pairing correlations are strongly entangled indicates that it might be difficult to disentangle them by proton-neutron transfer reactions. If in open shell N = Z nuclei the quartets are indeed strongly correlated structures acting coherently as a condensate, one would expect collective features for alpha-particle transfer reactions (e.g., significant enhancement of the transfer with the number of quartets) rather than for the transfer of proton-neutron pairs.
